Abstract: This paper introduces a new multi-mode Extended Kalman Filter (EKF) algorithm for attitude estimation of small UAVs during the whole flight (from take off to landing). At first, it examines the available INS/GPS measurements from the point of view of applicability in the estimator on ground and in air. From this, a multi-mode EKF is developed which switches between measurements to use them optimally. The quaternion representation of rotation was used to avoid singularity and derive a closed form solution of the Heun scheme in the discretization of system dynamics. Filter initialization and observability issues are also covered. After presenting the computational steps of the EKF the hybrid automata representation is described. This includes the description of estimator modes, automata states and input events. Finally, the graph of the automata representation is published. The paper ends with the description of tuning process and presentation of off-line test results on real noisy data. The new EKF performed well during all the tests including flights with stabilization controllers based on the estimated Euler angles.
INTRODUCTION
Aircraft attitude estimation is an old, but still actual and intensively researched area (see Martin and Salaün (2010) and Gross et al. (2010) ). Usually, some nonlinear estimation algorithm is applied considering the measurements from an INS/GPS system. The goal of this paper is to develop an attitude estimator which can be used during the whole time of flight for small unmanned aerial vehicles (UAVs). This means applicability from aircraft preparation (before take off) to aircraft shutdown (after landing). The development steps together with the tuning and test results are summarized.
The outline of the paper is as follows: Section 2 examines the available measurements and selects an estimation strategy based on them. Section 3 introduces the system and auxiliary equations. Section 4 describes the hybrid automata representation of the multi-mode estimator. Section 5 enumerates the tuning steps and presents offline results based on real measured data. The paper ends with the conclusion.
THE AVAILABLE MEASUREMENTS
The performance of an estimator strongly depends on the quality of measurements. This work assumes to have a strapdown IMU and a GPS receiver onboard the aircraft (2005)). From this sensory system one can have the measured acceleration (accel.), magnetic (magn.) vector, angular rate, GPS position and velocity. The measurement situation is shown in Fig. 1 .
(X B , Y B , Z B ) is the moving body and (X E , Y E , Z E ) is the inertial earth coordinate system (coord. sys.). For AC attitude estimation at least two independent vector measurements are required.
The earth's magn. vector (H E ∈ R 3 ) can be assumed to be constant during the 10-15 min flight time of a small UAV and its measurement (H B ) is affected only by noises if the sensor is far from any power electronics (such as motor). This assumption will be applied here so, the magn. measurement can be used for estimation during the whole time of flight. The gravity vector (g E ∈ R 3 ) can be measured with the accel. sensor, but the measured body acceleration (a B ) is corrupted not only with noises but also with dynamic effects in the air. This is shown in Fig. 2 where the absolute value of accel. ( a B ) is only constant before take off and after landing. So, accel. can be used only on the ground. This means that a third measurement is required which can be used in the air. In Fig. 1 V B is the body velocity of AC which can be transformed into earth coord. sys.
(V E ) and projected onto the horizontal plane (
. This projection gives the earth horizontal velocity which characterizes the azimuth angle of the AC. So, the azimuth angle can be calculated from the GPS velocity measurements. The question is the applicability of this measurement in air. Fig. 2 shows that the azimuth angle (ψ) from either GPS velocity or position is useful only in air! Thus accel. and GPS azimuth angle can be used as complementary measurements. This leads to the concept of a multi-mode estimator, which switches between the different measurements representing a loosely coupled INS/GPS solution. This will be constructed in the following steps.
SYSTEM EQUATIONS
The first stage of estimator design is to select the applicable algorithm. The Extended Kalman Filter (EKF) is well known and widely used (Martin and Salaün (2010) , Gross et al. (2010) ). Gross et al. (2010) points out that it is at least as accurate as other (unscented and particle filter) algorithms but computationally less expensive. So, the EKF algorithm was selected.
The next question is the representation of orientation. In aerospace sciences, mostly Euler angles or quaternion are used. The decision between them should be made considering their effect on accuracy. The differential equations for Euler angle and quaternion (because of the rotating body frame) are published in Stevens and Lewis (1992) page 38 and 43 respectively. They are repeated here considering measurement noise and bias in the angular rate (of the body coord. sys.) components:
In (1),P represents the real roll rate which means the measured roll rate corrected with the bias and zero mean Gaussian white noise, that is,P = P − b P − v P . The same convention is used for the pitch (Q) and yaw (R) rate variables. φ, θ and ψ are the roll, pitch and yaw Euler angles respectively.
T is the unit quaternion representing the same rotation as the Euler angles above.
(1) shows that Euler angles have a singularity property at θ = π/2 + kπ k ∈ Z + . This is usually avoided in non-aerobatic flight, but means a risk in the estimation. Another issue is the implementation of the estimator which requires as simple equations as possible to provide real time applicability on microcontrollers.
From the continuous time (CT) nonlinear differential equations (1), (2) a discrete time (DT) linearized dynamics should be created to be applicable in EKF. Mazzoni (2007) points out that the use of Heun scheme (trapezoidal integration) can improve the accuracy of EKF. For a nonlinear, state (x), parameter (ρ) and noise (v) dependent system the Heun scheme results as follows:
Here, ∆t represents the discrete time step and k and k + 1 are the time indices of sampled variables. To further improve accuracy it is worth to find the 'steady state' solution (x k+1 ) of the scheme which satisfies:
This can be done if the system equations can be reformulated as follows:
This reformulation can not be done for the Euler angles, because (1) includes the angles in nonlinear trigonometric functions. This means that for Euler angles (4) can only be solved with some nonlinear equation solver which needs iteration. This increases the calculation time. But reformulation can be done for quaternion assuming that the yaw rate bias is constant, and reorganizing (2):
The dynamics of the slowly varying (theoretically constant) biases can be modelled as a system driven by zeromean Gaussian white noise:
Applying (3) on (6) and (7) results in:
Assuming b k+1 = b k (slowly varying bias value), considering the predicted quaternionq k+1 with some approximation in the V 1 terms, introducing fictitious noises v 
The EKF can be programmed in a way which ensures that the measured ρ k+1 parameter vector is available at the time of state prediction. This means that (9) has a closed form solution, if M + k+1 is invertible. From (2), (6) and (9) M + k+1 and its determinant results as:
So, it is always invertible and its inverse can be calculated in closed form. This means that for quaternion the 'steady state' solution of the Heun scheme can be calculated in closed form. So, the quaternion representation of rotation was selected to avoid possible singularity and improve accuracy.
This way, the DT state dynamic equation of the filter is as follows:
Here, the state of the system consists of the quaternion and bias vector in R 6 . After deriving the state equation, the output equations for the different measurements should be derived.
For the magn. measurement, the nonlinear equation and its Jacobian are as follows:
Here, T EB (q) represents the quaternion based rotation matrix from earth to body coord. sys. (y H ∈ R 3 , C 1 :
For the measurement of Earth's gravity vector in body coord. sys:
(y a ∈ R 3 , C 2 : R 4 → R 3 ). The nonlinear output equation for GPS azimuth angle (with Evel and N vel as east and north GPS velocities) and the Jacobian are:
Here, T EB (q) (1, i) are selected elements from the rotation matrix (y GP S ∈ R, C 3 : R 4 → R).
The structure of the output equation is shown below (with w zero-mean Gaussian measurement noise vector). Its detailed description (the content of y and C) will be presented in the next section.
After deriving the state and output equations, the initialization of the filter on the ground should be overview.
The mean measured values of accel., magn. and angular rate data are used in initialization calculated with the recursive formula:
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Here, v represents the vector of measured data andv is the computed mean.
The initial roll and pitch angles can be calculated from the mean accel. values (from a B = [a x a y a z ] T ) as follows:
Using these angles the body magn. vector (H B ) can be transformed into earth coord. sys. (H E ′ ) assuming zero yaw angle. This way, the magn. yaw angle (ψ ′ ) can be calculated from the horizontal magn. components in earth coord. sys. Finally, the yaw angle corrected with magn. declination will be the real yaw angle of the aircraft:
D is the magn. declination and T -s are the rotation matrices with Euler angles.
After deriving the required equations, the observability of the system must be checked. The multi-mode estimator is a hybrid system with switchings between the output equations. Here, the observability of the system for every applied output combination was checked considering the observability of the linearized systems in several points of the state space. The question is whether the system is observable from any of the output combinations, or not. A set of Euler angles was used to grid the quaternion space: These values were selected to cover the flight envelope of a non-aerobatic UAV. Observability check with zero angular rates and biases and also with nonzero ones was performed. In the first case, the system was observable for magn. & accel. and for magn. & GPS outputs but was not observable if only magnetic measurements were used. In the second case, it was always observable. But it is known that the orientation can not be determined from only one vector measurement. As a consequence, there can be only local observability in case of pure magnetic measurements.
The computational steps of the EKF are summarized here:
Here, V is the angular rate and gyro bias noise covariance matrix, while W is the noise covariance matrix of output measurements. Note that its dimension is different in the different operation modes. X is the state estimation error covariance matrix,(.) denotes predicted, while(.) denotes corrected values.
HYBRID AUTOMATA REPRESENTATION OF THE ESTIMATOR
The working modes of the multi-mode filter were decided as follows:
• In MODE 4 the measured acceleration vector is approximately corrected with the measured indicated airspeed (IAS) to decrease the effect of dynamic disturbance (better approximate earth's gravity vector) The corrected acceleration measurement is y aC .
The states of the hybrid automata are defined as follows (S = {S 1 . . . S 7 }):
• S 1 : MODE 1/A data collection for 10 seconds and recursive mean calculations with (16).
• S 2 : MODE 1/B calculation of initial Euler angles (quaternions), and earth's magnetic vector using (17)-(18).
• S 3 : MODE 2 with output y
• S 4 : MODE 3/A aerial mode with magn. & GPS correction with output y (3A) = y H T y
GP S T T
and
• S 5 : MODE 3/B aerial mode with only magn. correction if GPS is invalid or not available (the frequency of IMU data is usually much larger then GPS data). output y (3B) = y H and C In the implementation of the automata, all input events are caused by external events (take off, landing, GPS loss etc.) and timing variables so, the switching does not depend on internal states. Four timing variables are used:
(1) init timer: t I (2) GPS packet time: t GP S (3) valid GPS packet time: V t GP S (4) execution time:
Stop Stop
? -? -
σ 10 σ 10
Fig. 3. Hybrid automata representation
The role of the timing variables will be shown in the list of input events. The graph of the automata is shown in Fig.  3 . It has 10 input events ( = {σ 1 . . . σ 10 }):
• σ 1 : START of algorithm t I = 0 and timer is started.
• σ 2 : End initial data acquisition if t I = 10s and calculate initial values • σ 3 : Start ground estimation after initialization • σ 4 : Detect take off, start aerial estimation with GPS.
Here, the goal is to establish the time of take off. This is characterized by large longitudinal acceleration (in absolute value) and full throttle position. a x < −0.32g, δ th > 80% were determined from flight data as conditions to do switching. Set t GP S , t E and V t GP S to actual time. t I = 0 and start timer. • σ 5 : No, or invalid GPS data arrived and (t E − V t GP S ) ≤ 3s. Set t E to actual time and t GP S also, if GPS arrived. GPS is invalid if t actual −t GP S > 0.6s (missing data packet) or both LAT and LON is unchanged compared to the previous packet.
• σ 6 : Valid GPS data arrived. Set t E , V t GP S and t GP S to actual time.
• σ 7 : No, or invalid GPS data arrived and (t E − V t GP S ) > 3s. Set t E and V t GP S to actual time and t GP S also, if GPS arrived.
• σ 8 : Valid GPS data arrived. Set t E , V t GP S and t GP S to actual time.
• σ 9 : Absolute GPS velocity is small (|V E | < 0.2) and t I > 120s • σ 10 : STOP estimator.
TUNING AND TEST RESULTS
The filter was implemented onboard a research UAV constructed during the project Chai (2006) using 50Hz IMU and 4Hz GPS data (time values in input events are given for this system). Tuning and testing alternated during the filter development. The final filter weights (noise covariance values) were selected after several iterations, and it turned out that MODE 4 requires magnetic and acceleration noise covariances different from those in MODE 2 and 5. This is not surprising if we consider the different function of these operation modes.
The whole process was performed as follows:
• Step by step implementation and testing of the EKF code in Matlab and tuning of parameters using real flight test data.
• Code optimization considering the sparse and special structure of the system matrices (see (11) • azimuth angle between two positions) to collect ground data from which the estimator can be checked. Ground data was also collected after landing leaving the AC undisturbed. So, 'measured' values in the Figs mean the Euler angles calculated from mean acceleration and magnetic values when AC is undisturbed on ground, using formulas (17) and (18) (one point for one position).
The off-line test of the estimator was performed initializing the filter in the first position and then starting and applying the algorithm on the real measured data (from MODE 2 to MODE 5). If the intermediate (before take off) and final (after landing) estimated Euler angles are close to the 'measured' ones that means that the estimator works well. The maximum absolute errors are summarized in table 1. The table shows that the estimator works very well on the noisy measured data. The small errors in the angles after landing mean that the filter possibly works well also during flight, because otherwise the final values should differ from the measured ones. Unfortunately, the in flight Euler angles can not be checked because lack of instrumentation Fig. 6 shows that the estimated azimuth angles well follow the ones calculated from the GPS data. The estimator was compared by the estimator used in project Chai (2006) in hardware-in-theloop simulation. The new estimator outperformed the old one, results are published in Bauer and Bokor (2010) .
Good performance was also experienced in flight tests using the new estimator in the closed loop control of the aircraft.
CONCLUSION
This paper presents a new multi-mode EKF algorithm for attitude estimation of small UAVs during the whole flight (from take off to landing). At first, it examines the available INS/GPS measurements from the point of view of applicability in the estimator on ground and in air. Finally, the magn. and accel. measurements are selected to be used on ground, and magn. and GPS in air. From this, a multi-mode EKF is developed which switches between measurements to use them optimally. The quaternion representation of rotation was used to avoid singularity and derive a closed form solution of the Heun scheme in the discretization of system dynamics. This way a closed form and more accurate solution results. Filter initialization and observability issues are also covered. The system was observable from any of the measurement combinations. After presenting the computational steps of the EKF the hybrid automata representation is described. This includes the description of estimator modes, automata states and input events. Finally, the graph of the automata representation is published. The graph shows that it is not possible to switch from MODE 4 (S 6 ) to MODE 5 (S 7 ). This should be later solved considering barometric altitude instead of GPS velocity in σ 9 input event. The paper ends with the description of tuning process and presentation of off-line test results on real noisy data. The new EKF performed well during all the tests including flights with stabilization controllers based on the estimated Euler angles.
